An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

Strongly Singular Potentials in One Dimension

‚u]æ<‚Ãe<»<íéfŞÏÖ]<íèçÎ<�çãq

Sami Al-Jaber Department of Physics. Faculty of Science. An-Najah National University. Nablus. Palestine E-Mail: jaber@najah.edu Received: (17/1/2005), Accepted: (22/11/2005)

Abstract:

Strongly singular potentials in one dimension are analyzed, namely the n^{th} derivative interaction ^{( )} ( )x^nd . For the repulsive case, the reflection and transmission coefficients are derived. It is shown that for n = even, these coefficients satisfy the unitarity of the scattering matrix for all values of the incident energy and the barrier becomes perfectly reflective for a specific value of the energy. For n=odd 1� , however, the coefficients do not satisfy the unitarity of the scattering matrix except for one specific value of the incident energy at which the barrier becomes perfectly reflective. For the n=1 case, the results showed that the coefficients satisfy the unitarity of the scattering matrix. For the attractive case, both the bound states and the scattering states are examined. It is shown that, for n=even 0� , there exist two bound states and only one bound state for n=0. For the scattering states, it is demonstrated that one recovers the same coefficients that were obtained for the repulsive case.

PACS 03.65. Ca PACS 03.65. Ta

“~×Ú

V< <

<íéÞçßÖ]<íÏj�¹]<løÂ^Ëi<‚è‚vjÖ^eæ<‚u]æ<‚Ãe<»<íéfŞÏÖ]<íèçÎ<�çãq<Øé× <fl�<‚ÏÖ

( ) ( )x^nd<J»

<�<H†Ê^ßjÖ]<íÖ^u< ƒ^ËßÖ]æ<Œ^ÓÃÞ÷]<løÚ^ÃÚ<Ñ^Ïj�] <J <^Ú‚ßÂ<HäÞ]<àfléfi n<Y<

<íÎ^ŞÖ]<ÜéÎ<ÄéÛ¢<kj�jÖ]<íÊçË’Ú<íéÞ]‚uæ<ÐÏ <løÚ^Ã¹]<å„â<Hêqæ‡ äŞÎ^ŠÖ]<íÎ^Ş×Ö<å�‚¦<ÜéÏÖ<ğ^éÖ^nÚ<ğ^ŠÒ^Â<xf’è<Ø‘^ËÖ]<‚ã¢]<á]æ<íŞÎ^ŠÖ] <J <^Ú‚ßÂ<àÓÖ n<Y <ë�†Ê �1 á^Ê<H<

<÷<løÚ^Ã¹]<å„â<

<ğ^éÖ^nÚ<ğ^ŠÒ^Â<Ø‘^ËÖ]<‚ã¢]<xf’è<^â‚ßÂ<�Ö]æ<íŞÎ^ŠÖ]<íÎ^Ş×Ö<å�‚¦<å‚u]æ<äÛéÎ<‚ßÂ<÷]<kj�jÖ]<íÊçË’Ú<íéÞ]‚uæ<ÐÏ <J <^Ú_

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

<äÖ^u<»

1 = n kj�jÖ]<íÊçË’Ú<íéÞ]‚uæ<ÐÏ <løÚ^Ã¹]<á]<±]<l…^�_<sñ^jßÖ]<á^Ê<H <<J <l÷^u<àÚ<øÒ<“vÊ<fl�<Hhƒ^rjÖ]<íÖ^u<» †Ö] kj�jÖ]æ<¼e <J <äÞ_<àfléfi <» <äÖ^u n<Y<

<êqæ‡ � <^Ú‚ßÂ<å‚u]æ<¼e…<íÖ^u<‚qçè<^Ûßée<¼e…<�Ö^u<‚qçè<H†Ë‘< n<Y< †Ë‘ <J <l÷^u<^Ú_ †Ê^ßjÖ]<íÖ^u<»<^ãé×Â<Ùç’£]<�<�Ö]<^ãŠËÞ<løÚ^Ã¹]<Å^q�‰]<á^ÓÚ÷^e<äÞ]<ÀuçÖ<‚ÏÊ<Hkj�jÖ]

J< <

1 -Introduction

Strongly singular potentials (or the so called zero-range) potentials or point interactions) attracted the attention of researchers since early eighties [1-6]. Quantum mechanics on graphs has been revived in the last decade [7-10], as a response to the rapid progress of fabrication techniques which allow us to produce graph-like structures of a pure semiconductor material, for which graph Hamiltonians represent a natural model. In recent years there was an emphasis on the so-called 'd interaction that is one of point interactions [11-14], and especially the scattering S-Matrix [15, 16]. Just recently, a proposed coordinate space regularization of a three-body problem with zero-range potentials was reported [17]. Furthermore, the scattering of nonrelativistic particles in three and lower dimensions was recently considered [18]. A close examination has been carried out to the boundary conditions for point interactions [11, 13, 19, 20]. Recently, the present author considered an exactly solvable model, namely the repulsive and attractive

d ¢¢ potential [21].

Recently, an intensive work has been carried out concerning gravitational radiation and black hole formation in D-dimensional space times [22-25]. This involves the D-dimensional retarded Green’s function as solution of the homogeneous Einstein’s equations. As is shown in [22], the D-dimensional retarded Green’s function contains higher derivatives of delta functions.

The purpose of this paper is to examine a strongly singular potential, namely the n^{th} derivative of delta-function potential. In sect. 2, the repulsive ^{( )n}d potential is considered and the reflection and transmission coefficients for both n=even and n=odd are derived. In sect. 3, the attractive ^{( )n}d potential is examined and both bound states and scattering states for n=even and n=odd are considered. Sect. 4 is devoted for results and discussion.

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

2 -A repulsive n^{th} derivative of a delta-function potential

In this section the reflection and transmission coefficients for the n^{th}

derivative of a delta-function potential are presented. The potential has the form

( )^{( )} ( ) ,x x V^nad=

(1)

where a is a real positive constant and is a measure of the strength of the potential.

The time-independent Schrodinger equation for this potential is

( ) ( ) . 2^2 2 2 y y ad y E x dx d m n = + - h (2)

Considering a particle incident from the left, the solution for equation (2) is ( ) � � � 〉 〈 + = 0 0 , , x x eB eD e x_{ikx} ikx ikx y (3)

where^2 2 / 2 h mE k = , and the absence of the term ^{ikx}e for 0〉x is understood

for a wave incident from the left. Griffiths [13] correctly derived the boundary

conditions for ( )xy and ( )xy ¢ , namely

( )^{( )} ( ) ,0 2 1^1 2 - -= D^n n n m y a y h (4)

( )^{( )} ( ) ,0 2 1_2^n n m y a y h -=¢ D (5)

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005 where ( )0y is defined as

( ) ( ) ( )

[ ]^- + + = 0 0 2 1 0 y y y .

(6)

One may apply the above boundary conditions to the wave function in eq. (3). To

that end, the following is derived

( ) ( ) ( ) ( ) � � � 〉 〈 -+ = - - - 0 0 , , 1^1 1 1 x x eB eD e ik x_{ikx} ikx n ikx n ny and thus, with the help of eq. (6),

( ) ( ) ( ) ( )[ ] D B ik^n n n 1 1 2 1 0^1 1 --+

=^- - y .

(7)

( ) ( ) ( ) ( ) 0 0 , , 1 1 0 〉 〈 � � � -+ = x x B D ik n n ny

and thus

( ) ( ) ( ) ( )[ ] D B ik^n n n 1 1 2 1 0 -+ + = y .

(8)

The substitution of eq. (7) into Eq. (4), and eq. (8) into eq. (5) gives

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

( ) ( ) ( )[ ] D B ik n m D B^n n 1 1 1^1

2 --+ - = + -^- h a (9)

( ) ( ) ( ) [ ] D B ik m D B ik^n n 1 1 1_2 -+ + - = + - h a . (10)

For simplicity, let , /^2h am c =

(11)

and after some algebra, one can get ( ) [ ] , 2 1 1 1^{1-} + - + + =^nik cn n n D B (12)

( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) { } [ ] . 1 1 2 1 1 2 2 1 1 2_1 1 1 1 n ik cn n ikc ik cn ik nc D_n n n n n n n + -+ + - -- + - + =_- - - -

(13)

In order to find the reflection coefficient ( )^2D

R = and the transmission coefficient

( )^2B T = one may consider the two cases n=even and n = odd

case 1: n = even

Eq. (13) yields

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

( )( )

( ) ( )( )^1 2 2 2 1 1 1 1_- - - - + + + =_n n n ik nc k nc ik nc D ,

(14)

and thus the reflection and the transmission coefficients are respectively ( ) ( )^{222} 2 2 2 2 2 2 2 2 2 1 ) 1( 1 - - - - + + + =_n n n k n c k nc k n c R (15) ( ) ( ) ( )^{2222} 2 2 2 2 2 2 2 2 1 1 1 - - - - + + - =_n n n kc n k nc k nc T (16)

The special case n = 0 corresponds to the usual delta-function and our results

yield the well-known values for R and T which are found in most standard quantum

mechanics textbooks [22] namely

2 2 2 2 2 2 k c k T and c k c R + = + = . It is interesting to note that if ,1 1 2 2 2 = =^- R then n kc^n

(17)

and this happens when ( ) , 2 1 /1 2 2 4 2 - � � � � � � = n mn m E a h h

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005 which means that the barrier becomes totally reflective. It is also very clear that R

and T in eq’s (15) and (16) satisfy the unitarity of the scattering matrix, i.e R+T = 1.

This implies that the Hamiltonian under investigation (for n = even) is a self-adjoint

operator. One could easily check that 1

ÆT for the high-energy behavior by

simply taking the limit of T as •

Æ^2k .

Furthermore, eq. (15) shows that, for a given energy, the barrier becomes

reflectiveless (R = 0 ) for very week strength parameter a (remember 2/h am c = ).

Case 2: n = odd

Eq. (13) gives for odd n

( )( ) , 1 1_{22} 2 1 - - + + - =_n n nk c ik nc D (18)

and, with the help of eq. (12), one can get

( )( ) . 1 1 1_{222}^1 2 2 2 - - - + - + - =_n n n k nc ik nc k nc B (19)

Therefore, the reflection and transmission coefficients are respectively given by ( ) ( ) , 1 1_2 2 2 2 2 2 2 2 - - + + =_n n k nc k n c R (20)

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

( ) ( ) ( )( ) ( )

( )^{2222} 2 2 2 1 2 1 2 2 2 2 2 2 2 2 1 1 1 1 2 1 1 - - - - - - + - - - + - + - =_n n n n n n k nc k nc k nc k n c k nc T . (21)

It is very useful to let ^{1-}=^nkc

x , so that ( ) ( )^{22} 2 2 1 1 nx x n R + + = ,

(22)

( ) ( ) ( ) ( ) ( ) ( ) . 1 1 1 1 2 1 1_2 2 2 1 2 2 2 2 2 nx nx x n x n nx T n + - - - + - + - = -

(23)

It is easy to show that

( ) ( ) ( ) ( )

( )^{22} 2 1 2 2 2 1 1 11 2 1 2 1 nx nx nx n x T R n + - - - + - + = + - , (24)

and thus if the second term vanishes then R and T satisfy the unitarity of the

scattering matrix, i.e. R+T = 1. This occurs when

( ) ( ) ( ) ( ) .0 1 11 1 2^1 2 2 = - - - + -^{-n} nx n nx (25)

Clearly, n = 1 satisfies eq. (25) and in this case equations (22) and (23) give

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

( ) ( ) ( ) , 1 1 , 1 4_2 2 2 2 2 2 2 x x T x x R + - = + = (26)

which means that the Hamiltonian for the ( )xd¢ potential is a self-adjoint operator

for all values of x.

For 1�n , eq. (25) is rewritten as

( )( ) ,0 1 1 1 2^1 2 = - - - -^- x n nx^n

(27)

whose positive root is

( ) ( ) , 2 1 1 1 1 2^1 2 1 n n x n n � � � � � � -- +� � � � � � -+ = - -

(28)

and the negative root is neglected since x is positive only. Eq. (28) shows two cases:

a) n = 3 Mod 4, then x = 1/n and hence eq’s (22) and (23) yield R = 1 and T = 0. This implies that in this case (n = 3 mod 4) the barrier is perfectly

reflective when n

kc^n /1^1 =^- and hence the corresponding Hamiltonian is

a self-adjoint operator. This occurs if and only if

( )^{( )} . / 2 1 /2 2 2 - =^n mn m E a h h

b) n = 5 Mod 4, then x = 1, and hence eq’s (22) and (23) give R = 1 and T = 0.

Therefore. In this case, the barrier is perfectly reflective when 1^1 =^{-n}kc

and thus the corresponding Hamiltonian is a self-adjoint operator. This

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005 occurs when ( ) . 2 1 /2 2 2 - � � � � � � = n m m E a h h A final remark for the n=odd case

is that one could easily check that 0

ÆR and 1

ÆT for the high energy

behavior by simply taking the limits of R and T as •

Æx in equations

(22) and (23. Also, for a given energy the barrier becomes reflectiveless

( ) 0

ÆR for very weak strength parameter a .

3 - An attractive n^{th} derivative of a delta-function potential

Consider a potential of the form

( )^{( )} ( )x x V^nad-=

(29)

The Schrodinger equation reads

( )_{( )} ( ) ( ) ( ) , 2^2 2 2 x E x x dx x d m n y y ad y = - - h (30)

and one may need to examine both the bound states ( ) 0〈E and the scattering states

( ) 0〉E .

3.1. Bound states: Equation (30), with ^2 2 / 2 h Em k = and ^2/ham c � as

before, can be written as: ( ) ( )^{( )} ( ) ( ) . 2 2 2 2 x x c x k dx x d_n y d y y -= - (31)

For 0�x , we have

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

( ) ( ) ,0 2 2 2 = - x k dx x d y y (32)

whose general solution is ( ) 0 0 , 〈 〉 � � � = x x eB eA x_{kx} kx y (33)

Here it is assumed that ( )xy is squared integrable and hence vanishes as •± Æx . In order to apply the boundary conditions given in equations (4) and

(5), one calculates

( ) ( ) ( ) ( ) � � � 〈 〉 - = 0 0 , , x x e kB e k A x_{kx} n kx n ny

( ) ( ) ( ) ( ) � � � 〈 〉 - =_- - - 0 0 , , 1 1 1 x x e kB e k A x_{kx} n kx n ny and thus, with the help of eq. (6), one can find

( ) ( ) ( ) ( )

[ ]^n n n kB k A + - = 2 1 0 y

( ) ( ) ( ) ( )

[ ] . 2 1 0^1 1 1 - - - + - =^n n n kB k A y Therefore, the substitution of the above relations into equations (4) and (5) yields

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

( ) ( ) [ ],

1^1 1 B A k cn B A^n n + - - = -^- - (34)

( ) ( ) ( ) [ ]. 1 1 B A kc B A k^n n n + - -= + - (35)

Solving the above equations gives

( ) ( ) ( )( )[ ], 1 1 2 2^1 1 1 n n kcn c k c^n n n + - - - = - -^- - - (36)

which yields the energy of the bound states. One may consider both cases n = even and n = odd.

Case 1: n = even First the special case n = 0 is considered separately. Eq. (36) for n = 0 gives k = -c and thus by substituting the values of k and c, one can get,

2 2 h am E -= .

(37)

So the attractive delta function potential has one bound state with the above energy as is well-known in standard quantum mechanics textbooks [22]. Eq. (36) for n = even can be written as

( ) ,0 1 1 2 = - - + x n xn (38)

where as before ^{1-}=^nkc

x . The roots of the above equation are x = -1 and 1/n. For c k x^n /1

:1^1 -=

-=^- and this gives

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

. 2 1 1 2 2 2 4 - � � � � � � - =^n m m E h h a (39)

For cn k n x^n 1 : 1_1 = =^- and this gives

. 2 1 1 2 2 2 2 4 - � � � � � � - =^n m m n E h h a (40)

This indicates that there are two bound states for each even n with the above energies.

Case 2: n = odd Eq. (36) yields

( ) ,

1_2 1 2 cn k^n - = - (41)

and since ^2k is negative and n = odd, the quantity ^{( ) 1}

2 -nk is positive. Therefore

eq. (41) can not hold for real c. This implies that the potential for n = odd has no bound states.

3.2. Scattering states.

The simplest way to study scattering states is to change the sign of a in the repulsive case discussed in section 2. This implies that c must be replaced by –c. By so doing, the reflection and transmission coefficients, given in equations (15) and (16), for n = even remain unchanged. The case n = odd needs little modification but

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005 the outcome physics remains the same. First the special case n = 1 is unchanged, as it seen from eq. (26), when x is replaced by –x. For 1�n , the reflection coefficient remains unchanged, see eq. (22), but the transmission coefficient is, slightly changed. The third term in eq. (23) would acquire a negative sign when x is replaced by –x. Therefore the requirement for the unitarity of the scattering matrix, given in eq. (27), becomes

( )( ) ,0 1 1 1 2^1 2 = - - - +^- x n xn^n

(42)

whose positive root is

( ) ( ) n n x n n 2 1 1 1 1 2^1 2 1 � � � � � � -+ +� � � � � � -- = - - . (43)

Eq. (43) now shows that if n = 3 Mod 4 then x = 1 and hence eq’s (22) and (23) yield R = 1 and T = 0. This means that the barrier is perfectly reflective when

( ) 1^1 = =^{-n}kc x and thus the corresponding Hamiltonian is self-adjoint. The above

root also shows that if n = 5 Mod 4 then x = 1/n, and hence eq’s (22) and (23) yield R=1 and T=0. Again, the barrier in this case is perfectly reflective when n kc^n /1^1 =^- , and the corresponding Hamiltonian is self-adjoint. Therefore for the

scattering states the replacement of a by - a keeps the physics outcome unchanged. This shows that the particle is just as likely to pass through the barrier as to cross over the well when ^{1-n}kc is chosen properly. Thus, all our remarks concerning the high energy behavior and the weak strength parameter remain the same as for the repulsive potential case.

4 - Results and discussion

In this paper an exactly solvable model of point interactions in one dimension is considered. Namely the n^{th} derivative of a delta function potential is analyzed. For

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005 the repulsive case, the transmission and reflection coefficients are derived. For n=even: It was shown that R and T satisfy the unitarity of the scattering matrix for all values of the incident energy which implies that the corresponding Hamiltonian is self-adjoint. Our results yield the well-known values of R and T of the repulsive delta function potential, i.e when n=0. The results show that the barrier becomes

perfectly reflective when the incident particle has energy . )1 /(1 2 2 4 - � � � � � � = n mn E a h

For n=odd: Our results for n=1 (i.e d¢ potential) yield reflection and transmission coefficient that satisfy the unitarity of the scattering matrix for all values of the incident particle’s energy. For n=3 Mod 4, the barrier is perfectly

reflective if and only if the incident particle has energy )1 /(2 2 2 2 - � � � � � � = n mn m E a h h . For n=5 Mod 4, the barrier is perfectly reflective if and only if the incident particle

has energy )1 /(2 2 2 2 - � � � � � � = n m m E a h h . Thus for n=odd 1� , the corresponding

Hamiltonian is not self-adjoint except for the above two values of the incident energy. It was also shown that for both cases of n even and odd the barrier becomes reflectiveless for the high energy behavior and for the very weak strength parameter a . For the attractive potential, the bound states for n=even were derived and it was found that there is only one bound state when n=o and two bound states when

0�n . For n=odd it was shown that there is no bound states and thus the potential

can not bind the particle. The scattering states were considered and it was shown that the particle is just likely to pass through the barrier as to cross over the well.

Sami Al-Jaber

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

References 1. Grossmann, A., Hoegh-Krohn, R., and Mebkhout, M., "A Class of Explicitly Soluble, Local, Many-Center Hamiltoinians for One Particle Quantum Mechanics in Two and Three Dimensions", J. Math. Phys., 21, (1980),2376.

2. Gesztesy, F., and Holden, H. "A new Class of Solvable Models in Quantum Mechanics Describing Point Interactions on the Line", J. Phys. A , 20, (1987), 5157.

3. Albeverio, S., Gesztesy, F., Hoegh-Krohn, R., and Holden, H. "Solvable Models in Quantum Mechanics" (1^{st} ed., Springer, Berlin,1987, 154).

4. Stanojevic, J., Bozic, M., and Lombard, R. "Critical Domain of Coupling Constants of Short Range Potentials", J. Phys. A: Math. Gen., 34, (2001), 903.

5. Brzeniak, Z., and Jefferies, B. "Characterization of a One-dimensional Point Interactions for the Schrodinger Operator by Means of Boundary Conditions", J. Phys. A: Math. Gen., 34, (2001), 2977.

6. Dutt, R., Gangopadhyaya, A., Rasinariu, C., and Sukhatme, U. "New Solvable Singular Potentials", J. Phys. A: Math. Gen. 34, (2001), 4129.

7. Adamyan, V.M. "Scattering Matrices for Microschemes", Oper., Theory Adv.

Appl., 59 (1992), 1. 8. Avishai, Y., and Luck, J.M.," Quantum Percolation and Ballistic Conductance on a Lattice of A wire", Phys. Rev. B, 45, (1992), 1074.

9. Avron, J.E., Raveh, A., and Last, Y. " Periodic Schrodinger Operators with Large Gaps and Wannier-Stark Ladders", Phys. Rev. Lett.,72, (1994), 896.

10. Bulla, W., and Trenckler, T." The Free Dirac Operator on Compact and Noncompact Graphs", J. Math. Phys., 31, (1990), 1157.

11. Zhao Bao-Heng, " Comments on the Schrodinger Equation with delta'- interaction in One Dimension", J. Phys. A: Math. Gen., 25, (1992), L617.

12. Chernoff, P.R. "A new Class of Point Interactions in One Dimension", J. Funct.

Anal., 111, (1993), 92. 13. Griffiths, D.J. "Boundary Conditions at the Derivative of A delta-Function", J.

Phys. A: Math. Gen., 26, (1993) 2265. 14. Coutinho, F.A.B., Nogami, Y., and Fernando Perez, J. "Generalized Point Interactions in One-Dimensional Quantum Mechanics", J. Phys. A: Math. Gen ., 30, (1997), 3937.

15. Nogami, Y., and Ross, C.K." Scattering from A nonsymmetric Potential in One Dimension as a Coupled-Channel Problem", Am. J. Phys., 64, (1996), 923.

Strongly Singular Potentials in One Dimension

An-Najah Univ. J.Res.(N. Sc.),Vol. 19, 2005

16. Sassoli, DE., Bianchi, M. " Levinson's Theorem, Zero-Energy Resonances, and Time Delay in One-Dimensional Scattering Systems", J. Math. Phys ., 35, (1994), 2719.

17. Fedorov, D.V., and Jensen, A.S."Reqularization of a Three-Body Problem With Zero-Range Poteintials", J. Phys. A: Math. Gen., 34, (2001), 6003.

18. Lin, Qiong-gui." Scattering by a Contact Potential in Three and Lower Dimensions", J. Phys. A: Math. Gen., 34, (2001), 1911.

19. Pang, G.D., Pu F.C., and Zhao, B.H." Exact Solution for Quantum Davey- Stewartson I System", Phys. Rev. Lett., 65, (1990), 3227.

20. Seba, P. "Some Remarks on the Delta'-Interaction in One Dimension", Rep.

Math. Phys., 24, (1988), 111. 21. Al-Jaber, S.M. " Second Derivative of Delta-Function Potentials: An exactly Solvable Model",1L Nuovo Cim, 115B, (2000), 1397.

22. Griffiths, D.J. "Introduction to Quantum Mechanics" (1^{st} ed. Prentice Hall, Englewood Cliffs, New Jersey, 1995, 54).

23. Cardoso, V., Dias, J.C., and Lemos, P.S." Gravatational Radiation in D- Dimensional Space-Time",Phys. Rev. D, 67, (2003), 064026.

24. Gal’tsov, D.V." Radiation Reaction in Various Dimensions", Phys. Rev. D, 66, (2003), 025016.

25. Mohapatra, R.N., Nussinov, S., and Lorenzana, A.P. " Large Extra Dimensions and Decaying Kaluza-Klein Recurrences",Phys. Rev. D, 68, (2003), 116001.

26. Kazinski, P.O., Lyakhovich, S.L., and Sharabov, A.A." Radiation Reaction and Renoralization in Classical Electrodynamics of a Point Particle in any Dimension", Phys. Rev. D, 66, (2002),025017.